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the coupled rate equations is numerically solved at 25 and 40 C. The pumping powers are 100 and
200 mW at a pump wavelength of 1060 nm. The signal gain and noise characteristics of a 0.3 m
erbium/ytterbium co-doped ﬁber (EYDF) in a single-pass conﬁguration are investigated by using 1, 10
and 100 lW signals at 1535 nm. A maximum signal gain of 40.5 dB and a corresponding noise ﬁgure
of 3.65 dB at the temperature of 25 C are achieved.
 2010 Elsevier B.V. All rights reserved.1. Introduction wavelength corresponds to an Yb transition. In this scheme, theErbium doped ﬁber ampliﬁers (EDFAs) have been widely de-
ployed for long-haul ﬁber communication systems [1]. The fabrica-
tion of a short-length and high-gain optical ampliﬁer, operating
around 1550 nm is of a great interest. It needs optical mediums
doping with high concentration of erbium, where the main prob-
lem is the reduction of gain and pump efﬁciency due to the concen-
tration quenching. Short ampliﬁers ( a few cm long) with high-
gain are also vital in communication networks where latency is
crucial. High gain (>10 dB) in short-length ampliﬁers can be
achieved by using high concentration of erbium. On the other hand
the ion–ion interactions which causes pair-induced up-conversion
depletes the erbium meta-stable level and lowers the pump efﬁ-
ciency for concentration above a few hundred parts per million
(ppm) of Er [2]. Currently, investigating the gain performance of er-
bium-doped ﬁber ampliﬁers is attracting much attention [3–8].
This issue has been addressed by co-doping the Er-doped ﬁber
with Yb [9–11]. The presence of Yb reduces the formation of Er
clusters and reduces the up-conversion rate from the upper level
of Er (4I13/2 level) signiﬁcantly. This allows high erbium doping le-
vel needed for a high gain ampliﬁer. Moreover, an efﬁcient indirect
pumping mechanism of Er ions is provided by an energy transfer
from Yb to Er. This energy transfer mechanism is very efﬁcient
and thus for an Er–Yb-codoped ampliﬁer the preferred pumpll rights reserved.
. Husein), a_elastal@alaqsa.
ahal).2F5/2 level of Yb3+ ions is close to the Er 4I11/2 and 4I9/2 manifolds.
Then involvement of 1–2 phonons can make energy transfer be-
tween these two states possible. Besides, if a pair of two excited
Yb3+ ions is formed (with the energy of about 20,000 cm1), it
can be also transferred to the 4F7/2 and 2H11/2 states of Er3+, with
a subsequent Er3+ emission. The dynamics of Er3+ emission de-
pends on both Er3+ and Yb3+ concentrations as well as the optical
properties of the host. The upconversion of Er3+ ions is inﬂuenced
by the multiphonon relaxation. The multiphonon relaxation prob-
ability depends mainly on the energy gap between two successive
levels and the phonon energy of the host. The nonradiative decline
of the excited electronic states of rare-earth ions in solids is con-
trolled by the highest energy phonons. When these vibrations are
characterized by high frequencies, this affects the upconversion
process as the ion relaxes via the emission of phonons rather than
photons. The multiphonon relaxation rates are vital in determining
the upconversion efﬁciency. This indirectly affects the gain and
introduces loss in the ﬁber [12]. EYDFAs have many practical ben-
eﬁts such as a wide pump absorption band, which enables an ex-
tended range of pump laser wavelengths. In an EYDFA, energy
transfer from the excited states of Yb to that of Er is used to form
a population inversion between lasing levels of Er. Fig. 1 shows the
absorption spectrum of Er/Yb co-doped ﬁber system [13]. It is clear
from the ﬁgure, the pump wavelength for Er-doped ﬁber is near
the 980 nm whereas the ytterbium–erbium ions are pumped at
the absorption wavelength of 800–1100 nm. In this work
1060 nm pump wavelength has been used because the Yb3+ has
very broad absorption spectrum allowing a verity of pumping
scheme to generate gain at longer wavelength [14,15].
Fig. 1. The absorption spectrum of the Er3+/Yb3+ co-doped ﬁber along with the
spectrum of the erbium ions for comparison [13].
Fig. 2. Energy level diagram of (a) Er (erbium) and (b) Yb (ytterbium) systems. The
dashed lines and the solid lines represent non-radiative and radiative transitions,
respectively.
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the Er/Yb co-doped ﬁber ampliﬁer (EYDFA) system which has a re-
duced sensitivity to pump power ﬂuctuation. Appropriate theoret-
ical and computational algorithms play a key role in predicting
ampliﬁer performances and yielding improved device designs. On
the other hand, the accuracy of the results depends not only on
the numerical models, but also on the characteristic parameters in-
volved in the models such as the temperature which is an impor-
tant parameter for the accuracy.
Here we present the temperature-dependent model and
numerical results of the gain (G) and noise ﬁgure (NF) at the signal
wavelength of 1535 nm for Er–Yb ampliﬁers (with a single mode
core doped with both Er and Yb) at two different temperatures.
The injected pump light also propagates in the ﬁber and absorbed
in the core region for the ampliﬁcation signal. The feasibility of Er–
Yb co-doped single mode ﬁber ampliﬁer that has a considerable
gain (40 dB) and short length (30 cm) has been shown.
2. Theoretical model
Er (erbium) and Yb (ytterbium) co-doped ﬁbers act as four-level
laser systems. The energy level schemes for these two ions (sys-
tem) along with possible transitions are shown in Fig. 2. The tran-
sitions involve both radiative and non-radiative energy transfer
processes. It also includes the up-conversion effects at the signal
wavelength. This effect is not considered at the pump wavelength.
Where the pump power is distributed in the cladding area,
absorbed in the core region and has much smaller power density.
On the basis of the energy level diagram, the rate equations for
Er and Yb population densities can be written as [16]:
dN2
dt
¼ A21N2  2CupN22 þ N1rsa/s  N2rse/s þ c32N3 ð1Þ
dN3
dt
¼ N3rpe/p þ N1rpa/p þ KN6N1
 K 0N3N5  c32N3 þ c43N4 ð2Þ
dN4
dt
¼ CupN22  c43N4 ð3Þ
N1 þ N2 þ N3 þ N4 ¼ NEr ð4Þ
dN5
dt
¼ þKN6N1  K 0N3N5  N5r0pa/p þ N6r0pe/p þ A65N6 ð5Þ
N5 þ N6 ¼ NYb ð6Þ
The parameters in the rate equations are as follows: The quantities
N1, N2, N3 and N4 (m3) are the Er3+ population densities of the
4I15/2, 4I13/2, 4I11/2, and 4I9/2 levels, respectively. The quantities N5
and N6 (m3) are the Yb3+ population densities of the 2F7/2 and
2F5/2 levels, respectively. rsa and rse (m2) are the absorption and
emission cross sections of Er3+ at the signal wavelength, respec-
tively. rpa and rpe (m2) are the absorption and emission crosssections of Er3+ at the pump wavelength, respectively. r0pa and r0pe
(m2) are the absorption and emission cross-sections of Yb3+ at the
pump wavelength. c43 and c32ðs1Þ are the non-radiative transition
rates of Er3+. A21 ðs1Þ and A65 ðs1Þ are the spontaneous emission
rates of Er3+ and Yb3+. Cup (m3 s1) is up-conversion coefﬁcient from
4I13/2 to 4I9/2 level of Er3+. This process cannot be neglected when
the signal power is high, which is the case in this application. The
energy transfer coefﬁcients K and K0 (m3 s1) are largely dependent
of Er concentration. Furthermore, K also depends on the host glass.
The quantities /p and /s (m
2 s1) are the pump and signal photon
ﬂuxes, respectively. In this model, Er3+ ions are assumed homoge-
nously excited. This implies that they experience similar surround-
ings, that the up-conversion rate is homogenously. The ratio
NYb=NEr is chosen for efﬁcient energy transfer and to avoid the for-
mation of Er clusters. Therefore, Er concentration is large enough to
allow rapid energy migration in the Er sub-system. The energy
migration can be expected to be higher than the up-conversion rate
due to the poor spectral overlap for the up-conversion process [17].
Thus, the up-conversion may saturate in the kinetic limit. Therefore,
homogenous up-conversion is modeled by a relaxation term which
is quadratic in the concentration of excited Er3+, with a concentra-
tion independent up-conversion coefﬁcient. We believe that this
assumption is reasonable when Er3+ clusters are not present. How-
ever, if Yb3+ concentration is low, it will not prevent the formation
of Er3+ clusters and they will act as quenching centers, where rapid
up-conversion takes place thus causing inefﬁcient energy transfer
[18]. These quenching centers are extremely harmful in Er–Yb sys-
tem, because the efﬁcient pumping of quenching center will result
in an efﬁcient drain for the pump light [19]. From Eqs. ()()()(1)–(3),
we obtain the following solution at steady state
N4 ¼ CupN
2
2
c43
ð7Þ
N3 ¼ A21N2 þ 2CupN
2
2  N1rsa/s þ N2rse/s
c32
ð8Þ
The non-radiative relaxation rates c32 and c43 are about 10
9 s1
for the parameters used in the numerical calculations. Therefore,
N3 and N4 are much smaller than N1 and N2. Hence NEr = N1 + N2.
The equation governing the population density of Er3+ and Yb3+
at 4I11/2 and 2F5/2, respectively, becomes as follows:
dN2
dt
¼ A21N2  CupN22  N2rse/s
þ ðNEr  N2Þðrsa/s þ rpa/p þ KN6Þ ð9Þ
dN6
dt
¼ KN6ðNEr  N2Þ
þ ðNYb  N6Þr0pa/p  N6r0pe/p  A65N6 ð10Þ
In the lower signal power application (1–100 lW), the up-
conversion process can be neglected because the cross-relaxation
procedure dominants much more on the up-conversion process
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1020 m3 s1, is much larger than the up-conversion coefﬁcient,
Cup ﬃ 1024 m3 s1, and this therefore leads to simplify and avoid
quadratic terms in Eq. (9). The solutions of N2 and N6 at steady
state are;
N2 ¼
NErðrsa/s þ rpa/p þ KN6Þ
Aþ rse/s þ ðrsa/s þ rpa/p þ KN6Þ
ð11Þ
N6 ¼
/pNYbr0pa
/pr0pa þ /pr0pe þ A65 þ KðNEr  N2Þ
ð12Þ
The propagation equation of ASE can be written as [16]
dPASE ðz; mjÞ
dz
¼ asPASE ðz; mjÞ  ½rsaðmjÞN2
 rseðmjÞN1CsPASE ðz; mjÞ mhmjDmjrErsaN2Cs ð13Þ
where as is the propagation loss at signal wavelength, rEre12ðmjÞ and
rEra12ðmjÞ represents the absorption and emission cross-section of
Er3+ ions between levels i, j at centered frequency mj, m is the num-
ber of modes h Planck’s constant, Dmj is the band width and Cs is the
signal overlap factor.
In the presence of a crystal ﬁeld, each atomic level is broadened
into a band of energy levels. The energy in Quasi three laser level is
shown in Fig. 3 which illustrates that there is rapid thermalization
of levels within each manifold. Therefore the relative populations
of levels within manifold can be treated by Boltzmann equilibrium.
The rate equations of Quasi three level laser system include the
Boltzmann factors as a function of temperature and that govern
the pump process are [21]
dIðz; tÞ
dz
¼ ðf 0aN0  f 0bN1ÞrabIðz; tÞ ð14Þ
dN1ðz; tÞ
dt
¼ rabðf 0aN0  f 0bN1Þ
Iðz; tÞ
htp
 N1ðz; tÞ
sf
ð15Þ
where N0, N1 and Nt = N0 + N1 are the lower manifold population
density, upper manifold population density, and total doping den-
sity, respectively. The f 0aand f
0
b are the Boltzmann occupation factor
within lower and upper manifolds for the lower and upper levels of
the pump transition. Similarly, for the laser transitions fa and fb are
the Boltzmann occupation factors for lower and upper levels of the
laser transition within the lower and upper manifolds, respectively.
rab is the spectroscopic absorption cross section at the pump wave-
length, sf is the upper manifold lifetime, and htp is the pump pho-
ton energy. Iþðz; tÞ and Iðz; tÞ are the pump intensities propagating
in the forward and backward directions, respectively. Here for
explicitly allow the possibility that f 0b may not be zero which is
the case for several solid-state laser systems such as Yb3+ pumped
on the 2F7=2 ! 2F5=2 transition, and Er3+ pumped on the
4I15=2 ! 4I13=2 transition.Fig. 3. The assumed energy level diagram showing the pump and laser transitions.The Boltzmann distribution law gives the population distribu-
tion of the atoms in a band and the calculation of Boltzmann fac-
tors can be done through Spark level splitting [21,22]:
Na ¼ N0Za expðEa=kTÞ ¼ faN0 and
Za ¼
X4
i
expðEi=kTÞ for Yb ground state ð16Þ
Nb ¼ N1Zb expðEb=kTÞ ¼ fbN1 and
Zb ¼
X3
i
expðEi=kTÞ for Yb excited state ð17Þ
where Na is the lower band of the population density of the energy
level Ea, N0 is the population density of the lower level and T is the
temperature in celsius, so Na ¼ faN0. For the upper level population,
Nb is given by Nb ¼ fbN1, where N1 is the upper manifold population.
Similarly, for the pump transitions N0a ¼ f 0aN0 and N0b ¼ f 0bN1. All
Boltzmann factors in Eqs. (16) and (17) as function of temperature
due to the thermalization between each manifolds. By including
these Boltzmann factors in the population, the N6 equation
becomes:
N6 ¼
/pNYbr0paf 0a
/pr0paf 0a þ /pr0pef 0b þ A65 þ KðNEr  N2Þ
ð18Þ
In the low Er3+-densities (near 1026 m3), the occupation factors
can not be effected from the temperature variation. The long range
temperature variations can be changed the emission and absorp-
tion coefﬁcient, but in this study, the temperature range is not
wide. It is only 15 C. From this point of view, we do not consider
the occupation factors for erbium. This study is conﬁned by insert-
ing the occupation factors of ytterbium.
The absorption coefﬁcient aa due to the Er3+ and Yb3+ ions in the
single mode core and is given by the following equation:
aa ¼ Cp½r0paðNYb  N6Þ  r0peN6 þ Cp½rpaðNEr  N2Þ  rpeN2 ð19Þ
where Cp and Cs are the proportions of the pump power and signal
power (Er), the signal power S is given by the following equation:
dSðz; v iÞ
dz
¼ Sðz; v iÞ
ZZ
A
½NErrsaN2ðrsaþrseÞ
wsðx;yÞdxdyaSðz;v iÞ ð20Þ
where Sðz;v iÞ is the signal power of the frequency v iat the z position
of the co-doped ﬁber (CDF), a is the background loss at the signal
wavelength, and wsðx; yÞ is the spatial distribution of the signal light
determined by the beam shape.
3. Gain and noise ﬁgure
The signal gain G is
G ¼ exp
Z L
0
gðzÞdz
 
; ð21Þ
where g(z) is the gain for the Er transition per unit length, which de-
pends on the position of z, and is given by
gðzÞ ¼ Cs½N2rse  rsaðNEr  N2Þ ð22Þ
The basic optical methods that used for measuring noise ﬁgure
(NF) are source subtraction technique, polarization nulling and
time-domain extinction (plus method) [23]. Differences in these
methods are in the ways the source spontaneous emission (SSE)
is accounted for and how the noise and gain are measured. The
above optical methods of NF measurement depend on the mea-
surement of the ampliﬁed spontaneous emission (ASE) density.
Therefore, care should obtain accurate ampliﬁer noise ﬁgure.
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ward characterization of the gain and noise ﬁgure performance
of optical ampliﬁers. The SSE is measured and subtracted from
the total noise emitted by ampliﬁer to obtain the true ASE. The
noise ﬁgure is calculated according to the following equation:
NF ¼ 1
G
þ PASE
GhmB0
 PSSE
hmB0
ð23Þ
where 1G is the shot noise, m is the signal frequency, and B0 is the
noise bandwidth used to measure the powers PASE and PSSE. For each
signal wavelength, the noise ﬁgure is given by [23]:
NFðdBÞ ¼ 10log10
1
G
þ PASE
GhmB0
 PSSE
hmB0
 
ð24ÞFig. 4. The signal gain (dB) via ampliﬁer length. Ps = 1 lW at 1535 nm signal
wavelength.
Fig. 5. The noise ﬁgure (dB) via ampliﬁer length. Ps = 1 lW at 1535 nm signal
wavelength.4. Numerical results and discussion
Normally rate equations can be solved analytically in steady
state and these solutions are substituted into propagation equa-
tions to calculate the signal gain and also noise ﬁgure. The analyt-
ical solution of the temperature-dependent model is preformed
together with a standard model for light propagation in erbium-
doped ﬁber ampliﬁer, including the ASE from the lasing level
[24]. The results of numerical simulation are done by Mathematica
Software and using Intel visual Fortran Complier.
The parameters used as the starting point in the calculation are
shown in Table 1.
The calculated signal gain and noise ﬁgure at temperatures of
25 and 40 C for different pumping powers at 1060 nm are shown
in Figs. 4 and 5, respectively. In Fig. 4 the ﬁber of length 0.3 m is
selected to obtain the high signal gain and the low noise ﬁgure.
An input signal power of 1 lW at the signal wave length of
1535 nm is used in the signal gain and noise ﬁgure calculations.
The pump powers we used at the pump wavelength of 1060 nm
are 100 mW and 200 mW. At the small pump power of 100 mW,
a signal gain of 33.5 dB at the temperature of 25 C is obtained
from the 0.3 m-long ﬁber whereas a signal gain of 33.0 dB at the
temperature of 40 C is achieved from the same ﬁber. In this case,
the variation of the signal gain becomes 0.5 dB when the tempera-
ture is increased from 25 to 40 C. At the pump power of 200 mW,
the achieved signal gain is near 40.5 dB without inﬂuencing from
the variation of temperature. An increment of the pump power
to 200 mW from 100 mW gives a signal gain of 7–7.5 dB. It is anTable 1
The numerical parameters used in the model.
Yb concentration NYb = 1.2  1027 m3
Er concentration NEr = 1.0  1026 m3
The core radius 2.5 lm
Doped radius 2 lm
Numerical aperture (NA) 0.25
The proportion of the pump and signal power of Er Cs ¼ Cp ¼ 1
The noise bandwidth B0 = 1 nm
The pump stimulated absorption cross-section of Yb r0pa ¼ 2:0 1024 m2
The pump stimulated emission cross-section of Yb r0pe ¼ 1:5 1024 m2
The pump stimulated absorption cross-section of Er rpa ¼ 5:5 1025 m2
The pump stimulated emission cross-section of Er rpe ¼ 5 1025 m2
The signal stimulated absorption cross-section of Er
for 1535 nm
rsa ¼ 5 1025 m2
The signal stimulated emission cross-section of Er for
1535 nm
rse ¼ 6:6 1025 m2
The signal stimulated emission cross-section of Yb;
for 1060 nm
r0se ¼ 2:6 1025 m2
The transfer coefﬁcient K ¼ 3 1020 m3 s1
For the laser transition fa = 0.0168, fb = 0.67, f 0a = 0.72
and f 0b = 0.33 at T = 25 C and fa = 0.0192, fb = 0.65,
f 0a = 0.70 and f
0
b = 0.35 at T = 40 Cinteresting result that the numerical calculations obtained with re-
spect to the signal gain at the high pump power, 200 mW, are
approximately independent of the variation of the temperature
in the end of ﬁber (see Fig. 4). Fig. 5 shows the noise ﬁgure as a
function of ampliﬁer length of 0.3 m for a ﬁxed signal power of
1 lW at the signal wavelength of 1535 nm. The plot is results for
several pump power applications, i.e., 100 and 200 mW, as well
as for temperature values of 25 and 40 C. At low pump power,
100 mW, the noise ﬁgure increases up to 3.39 dB from 3.34 dB
when the temperature is increased to 40 C from 25 C. At high
pump power, 200 mW, the noise ﬁgure increases up to 3.76 dB
from 3.65 dB when the temperature is increased to 40 C from
25 C. It is clear that the variation of noise ﬁgure at low pump
power is smaller than that of high pump power when the temper-
ature is increased to 40 from 25 C. Moreover, it is an interesting
result that the signal gain at high pump power does not inﬂuence
from the variation of temperature whereas the noise ﬁgure shows
a poor effect depend on the variation of temperature.
We also investigated the inﬂuence of several signal powers on
the signal gain at temperatures of 25 and 40 C. At the ﬁxed pump
power of 200 mW, the signal gain versus the ampliﬁer length at
three different pumping powers for signal of wavelength
1535 nm is shown in Fig. 6 at the temperature of 25 C and in
Fig. 7 at the temperature of 40 C. When increasing the signal pow-
ers from 1 to 100 lW. It can be noticed that the decrease of the
gain with increasing signal input power is simply due to saturation
Fig. 6. The variation of signal gain according to the ampliﬁer length at three
different signal powers for signal of wavelength 1535 nm. The pump power and
temperature are ﬁxed at 200 mW and 25 C, respectively.
Fig. 7. The variation of signal gain according to the ampliﬁer length at three
different signal powers for signal of wavelength 1535 nm. The pump power and
temperature are ﬁxed at 200 mW and 40 C, respectively.
Fig. 9. The variation of signal gain according to the ampliﬁer length at three
different signal powers for signal of wavelength 1535 nm. The pump power and
temperature are ﬁxed at 100 mW and 40 C, respectively.
Table 2
Numerical results with respect to the temperatures of 25 and 40 C.
Pump power (mW) Signal power (lW) Signal gain (dB)
25 C 40 C
200 1 40.5 40.5
10 36.5 36.3
100 28.7 28.5
100 1 33.5 33.0
10 30.2 29.8
100 23.5 23.3
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to the pump power and acts as a negative pump reducing popula-
tion inversion). The above investigation has also been studied at
the same temperatures at another ﬁxed pump power of 100 mWFig. 8. The variation of signal gain according to the ampliﬁer length at three
different signal powers for signal of wavelength 1535 nm. The pump power and
temperature are ﬁxed at 100 mW and 25 C, respectively.and presented in Figs. 8 and 9. The same conclusion is achieved
when the three signal powers used; 1, 10, and 100 lW. Table 2 pre-
sents the effect of temperature on the signal gain at two different
pump powers and at three different pumping powers. It can be
seen from Table 2 is that when pumping at 100 mW pump power,
it is the smallest input signal (1 lW) which suffers the largest gain
variation (0.5 dB) with a temperature change from 25 to 40 C,
and for higher input signals the variation is progressively reduced.
On the contrary, at 200 mW pump power it is the highest input sig-
nal which experiences the largest gain variation (0.2 dB).
The temperature dependence of the Yb–Er-codoped ﬁber ampli-
ﬁer performance is investigated by plotting gain and NF versus
temperature in Figs. 10 and 11, respectively. In Fig. 10 it can be
seen that in the pump power of 100 mW, when the temperature
increases to 40 C from 25 C, the gain value decreases moderatelyTemperature ( oC)
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variation on the gain versus temperature. We concluded that when
operating the Yb–Er-codoped ﬁber ampliﬁer at low pump power,
the ampliﬁer performance is not desirable situation. Fig. 11 shows
that the NF increases with increasing temperature. In the high
pump powers, the NF depends much more on temperature.
5. Conclusion
We have used the temperature-dependent model for Yb3+–Er3+-
codoped ﬁber ampliﬁer (EYDFA) and illustrated the strategy with
results for the gain and noise ﬁgure using appropriate ﬁber and en-
ergy transfer parameters. These results show how an EYDFA per-
forms as a function of temperature, how small signal powers
inﬂuence the performance of the ampliﬁer, and what the require-
ments are to increase the signal gain and to reduce the noise ﬁgure.
The temperature-dependent calculations are performed at the
temperatures of 25 and 40 C. The pumping powers are selected
as 100 and 200 mW at the pump wavelength of 1060 nm. The sig-
nal gain and noise ﬁgure of EYDFA with three different signal pow-
ers are reported. Using a 0.3 m-long erbium/ytterbium co-doped
ﬁber (EYDF) in a single-pass conﬁguration, 40.5 dB signal gain
and the corresponding noise ﬁgure of 3.65 dB for a small signal
power, 1 lW, are achieved at 1060 nm pump power of 200 mW
at the temperature of 25 C.
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